Math 150 — Chapter 4 ' ;
Exam 3 Review Sheet )LE
Name: : V(/)l

Professor Busken

Directions: Work Together! Do not try to cram the full solutions to each question onto
this paper!!! Write your extended solutions on different paper! Working only these practice
problems is insufficient preparation for the exam. You will need to bring a scientific calculator
with you to class on each exam day.

For questions 1—4, find the local and absolute extrema of f on the given interval.
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2
3.

4.

fl@)=2>—6224+9zx+1, [2,4]
fl)=av1—2z, [-1,1]

f(z) =z +sin(2z), [0, 7]

flz)= 1_2 ) [113]

For questions 5—8, find the critical numbers of f.
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11.
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13.

14.

f(z) = (z+4)"(3z — 2)°
flz) =2z =5)vVz2 -4

f(z) = |=* — 5|
f(z) =z +In(z? - 1)

If f(x) = 2*+ 2% + 2 + 1, find a number, ¢, that satisfies the conclusion of the Mean
Value Theorem (MVT) on the interval [0, 4].

A person in a rowboat 2 miles from the nearest point on a straight shoreline wishes to
reach a house 6 miles farther down the shore. If a person can row at a rate of 3 mi/hr
and walk at a rate of 5 mi/hr, find the least amount of time required to reach the house.

Find the maximum volume of a right circular cylinder that can be inscribed in a cone
of altitude 12 centimeters, and base radius 4 centimeters, if the axes of the eylinder and
cone coincide.

A window has the shape of a rectangle surmounted by a semicircle. If the perimeter of
the window is 15 feet, find the dimensions that will allow the maximum amount of light
to enter.

A builder intends to construct a storage shed having a volume of 900 ft* a flat roof,
and a rectangular base whose width is three-fourths the length. The cost per square foot
of the materials is $4 for the floor, $6 for the sides, and $3 for the roof. What dimensions
will minimize the cost?

The gravitational constant for objects near the surface of the moon is 5.3 ft/sec?. If
an astronaut on the moon throws a stone directly upward with an initial velocity of 60
ft/sec, find its maximum altitude.
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15.  Find y if Ef?_ = 3sin(z) —4cos(z) and y =T and y' =2 if z = 0.

16.- Use Newton’s Root Finding Algorithm to approximate V71 to four decimal places.

y = x cos(2x)

17. A dramatic example of the phenomenon
of resonance occurs when a singer ad:
justs the pitch of her voice to shat-
ter a wine glass. Functions given by
f(z) = az cos(bx) occur in the mathemat-
ical analysis of such vibrations.Shown in
the figure is a graph of f(z) = x cos(2z).
Use Newton’s method to approximate, to
three decimal places, the critical number
of f that lies between 1 and 2.

18.  Sketch the graph of a function that has the following properties:

f@=0, f(=2)=rQ)=r09)=0,
lim f(z) =0, lim f(z) = —o0

f(r) <0 Vze(~00,—2)U(L,6)U(9,00)
flz)>0 Vze(-21)U(69)

f(2) >0 VY z e (—o0,0)U(12,00)

f'(z) <0 Ve (0,6)U(6,12)

19. Find f(z) if f'(z) = ﬁ and f(%) =1

20, Find Fla) i Flz) = i%_?
21. Find f(z) if f/(z) = Sl AT )
cos(x)

92. Factor f(z) = 8 — 132° + 6721 — 1752% + 2442® — 172z + 48
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% .and only if 4 — 200: & 2900t2 increases. Thus, weam. ‘
N Dy lettmg W\

':';._ the oniy critical number for. f 18

We wish to

when the exp cssion: under the radical is m1mma ecause d increases if

y simplify our work

1(t) = 4 — 200t + 2900¢2 ”
and finding the value “(')f t for which f has a minimum. S'ig
s £0) = —200 + 5800z,

200 1
5800 29

3; Moreover J(8) = 5800, so the seco:;d derivative is alwaYs positive. here-

fore, f has a local minimum at_ __,'9, and f(G5) = 15. Since
of t is [0, co) andisince f(0) = 4,4thete is no endpoint extrem. Conse-
quently, the automobiles will be closest at 55 hour (or approximatel
minutes) after 10:00,A.M. The minimal distance is

b V7@ = VE ~ 074 mi.

HA person in a rowboat 2 miles from the nearest point

on a straight shoreline wishes to reach a house 6 miles farther down the
shore. If the person can row at a rate of 3 mi/hr and walk at a rate of
5 mi/hr, find the least amount of time required to reach the house.

SOLUTION  Figure 4.50 illustrates the problem: A denotes the position
of the boat, B the nearest point on shore, C the house, D the point at
which the boat reaches shore, and x the distance between B and D. By
the Pythagorean theorem, the distance between 4 and D is /x% + 4,
where 0 < x < 6. Using the formula

distance

time = ———,
rate

we obtain

f

distance from Ato D /x* +4
rowing rate -

time to row from Ato D =

distance fromDto C 6 — x

time to walk from D to C = - =
e romEto walking rate 5

Hence the total time T for the trip is

Jx*+4 6-—x
3 o

5 3

P o

or, equivalently, = T =3(x?+ 4V +& —1Ix

We wish to find the minimum value for T. Note that x = 0 corresponds
to the extreme situation in which the person rows directly to B and then

"
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walks the entire distance from B to C. If x = 6, then the person rows
directly from 4 to C..These numbers may be considered as endpoints of '
the domain of T. If x = 0, then, from the formula for T, - :

i
which is 1 hour 52 minutes. If x — 6, then ' ]

4 6 2./
3 5 5 3
or approximately 2 hours 7 minutes.
Differentiating the general formula for T, we see that

~ 2.11,

DT =4 4 + 4)2(2x) — 4,

. X 1 .

Y EC ;

| In order to find the critical numbers, we let D, T = 0, obtaining the fol- Pl

| lowing equations: j& )

| ' ' : i
x 1 L

or

x

5x = 3(x* + 4)1/2

iy R
o 4 gt \
25x% = 9(x2 + 4) S
2 .36 ,;r‘é.ﬂ‘ :
X" =7s <t
_ g T

Bl

X =-g— i

Thus, $ is the only critical number. The time T that corresponds to x = 3
is

T=3G+4"7+¢-3% =2

or, equivalently, 1 hour 44 minutes.

We have already examined the values of T at the endpoints of the i
domain, obtaining 1 hour 52 minutes and approximately 2 hours 7 min- ;
utes, respectively. Hence the minimum time of 1 hour 44 minutes occurs
at x = 3. Therefore, the boat should land at D, 11 miles from B, in order : 1 E
to minimize T. For a similar problem, but one in which the endpoints of 2 zr"“?” i
the domain lead to minimum time, see Exercise 6. A ;

Frop

- gl
EXAMPEE 7 A wire 60 Inghes Tong is to becut into two pieces. One " il :"*%; b
of the pleces willxhe bent into the shape of a circle\and the other into the it A ]
shape of ah.equilateral triangle. Where should_the wite be it so that the i
m of the areas of the circle and triangle is minimized? maximized?

SOLUTION,  If x'denotes the lenigth of one of the cut picces\of wire, ther ' Sl B s
the length of the other piece is 60 — . Let Yhe piece of length x be bent e
o form a circle of radivs r so that 27r =, or'y — x/(2m) (see Kighre 4.51).
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OPTIMIZATION PROBLEM

URE 4.48

: Find the maximum volume of a right circular cylinder
] ith at can be inscribed in a cone of altitude 12 centimeters, and base radius
———————— 4 centimeters, if the axes of the cylinder and cone coincide.

SOLUTION  The problem is sketched in Figure 4.48, where (ii} repre-
A'sents a cross section through the axes of the cone and cylinder. The quan-
" tity we wish to maximize is the volume V of the cylinder. From geometry,

V = nr*h.

Next we express V in terms of one variable by finding a relationship
between r and h. Referring to Figure 4.48(ii) and using similar triangles,
we see that .

h 12
4_].—44——3, or h=34—r).

Consequently,

_______ V = nr*h = mr? - 3(4 — r) = 3nr¥(4 —r).

The domain of ¥V is 0 <7 < 4.

If either r = 0 or r = 4, we see that VV = 0, and hence the maximum
volume is not an endpoint extremum. It is sufficient, therefore, to search
for local maxima. Since V = 3n(4r? — 13),

D, V = 3n(8r — 3r%) = 3mr(8 — 31).

Thus, the critical numbers for V are r =0 and r = 4. At r =4, we have
x 256
( ) @ =227 ~ 894 cm?,

which, by Guidelines (4.9), is a maximum value for the volume of the
inscribed cylinder.

G T A i S B b s

R o
s EXAMPLE 5 A North-South h1ghway intersects an EIemW high-
““wway-at-a-point P. An automobile crosses P at 10:00 A.M., traveling east
at a constant speed of 20 ml/hr At that same instant another automobile
is 2 miles north of P, traveling south at 50 mi/hr.. Fimd ime at which
they are closest to each other and approximate the 'r'mmmum distance
between the automobiles.

URE 4.49

ure 4.49. If t denotes the number of hours after 10:00 A.M., then the slower
automobile is 20¢ miles east of P. The faster automobile is 50t miles south
of its position at 10:00 A.M., and hence its distance from P is 2 — 50t
By the Pythagorean theorem, the distance d between the aunﬁbﬂes is
d = /(2 — 500)* + (200)* il
= /4 — 200t + 2500¢> + 400:>
= /4 — 200t + 2900¢>.

'SOLUTION - Typical positions of the automobiles are illustrated in Fig-
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